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ABSTRACT 
In the present work the influence at micromechanical scale of residual stresses appearing in the last stage 
of the manufacture of fibrous composite materials, i.e. the curing process, on the inter-fibre failure under 
transverse compression is studied. In particular, the effect of the presence of residual curing stresses on 
the appearance of the first debonds is discussed analytically, whereas later steps of the damage 
mechanism, i.e. the growth of interface cracks and their kinking towards the matrix, are analysed by 
means of a single fibre model, making use of the Boundary Element Method. The results are evaluated 
applying Interfacial Fracture Mechanics concepts. The conclusions obtained show that the effect of 
residual curing stresses on the appearance and initiation of growth to be negligible, and the morphology 
of the damage not to be significantly affected in comparison with the case in which these stresses are not 
considered. 

 
1. INTRODUCTION 
There exists a final stage in the manufacturing process of fibrous composites materials 
in which the curing of the material takes place. The differences in free contraction 
between the fibres and the matrix cause, during this stage of the process, the appearance 
of residual stresses. The presence of these stresses may affect both the strength and the 
stiffness of the laminate and also have influence on the development of failure 
mechanisms in the material. 
The study of residual stresses at macro- and mesomechanical level is widely developed, 
there being several methods able to quantify them [1]. By contrast, at micromechanical 
level, due to the high complexity of the material at this scale, the measurement and 
prediction of residual stresses presents more difficulties. If knowledge of the 
mechanisms of failure at micromechanical level is considered to be fundamental for the 
development of failure criteria able to perform a more complete diagnosis of the 
appearance of these mechanisms [2], the analysis of the influence of curing stresses at 
this scale then acquires high relevance.  
The particular case of the inter-fibre failure (also known as matrix failure) under 
transverse tension has already been the object of several micromechanical studies by 
the authors [3,4,5] and, more recently, the case of the inter-fibre failure under 
compression has also been undertaken [6,7]. These studies have made it possible to 
understand the initiation of failure at the micromechanical scale as well as its later 
progress, which leads to the macro-failure of the material. The inter-fibre failure under 
compression, typically appearing in impact problems and caused by a dominant 
compression acting transversely to the fibres, starts with the appearance of small 
debonds at the fibre-matrix interfaces. The initial defects present a non-symmetric 
morphology: a small ‘bubble’ at the lower crack tip and a contact zone at the upper 
crack tip, see Figure 2a, and, in a first period, grow unstably along the interfaces 
(interface cracks) following the lower crack tip. This period ends when these cracks 
have reached a certain length at the interface. From that moment on the growth of the 



interface crack becomes stable, which favours the occurrence of a different stage of the 
mechanism of failure: the propagation of the crack through the matrix. Thus, the 
interface crack suddenly changes its direction of propagation, kinking into the matrix 
following an orientation angle around 53º from the direction perpendicular to the load. 
These numerical predictions agree with the experimental results obtained from broken 
specimens, Figure 1. 

 
Figure.1. Matrix/Inter-fibre failure in carbon fibre specimens tested under transverse 
compression. 
 
The present work is a continuation of the previous studies related to inter-fibre failure 
under transverse compression and analyses the influence of residual stresses, originated 
by the curing process, on the conclusions obtained so far and summed up in the 
previous paragraph. To this end a Boundary Elements single fibre model has been 
carried out and its results analysed using the concepts derived from Interfacial Fracture 
Mechanics. 
 
2. SINGLE FIBRE MODEL 
The study has been carried out using a tool based on the BEM [8], that makes it 
possible to perform the numerical analysis of plane elastic problems considering 
contact and interface cracks. Two BEM models are used in this analysis. The basic 
model employed is shown in Figure 2a and represents the case of a crack that, under the 
plain strain hypothesis, grows along the interface. 
In order to characterize the problem from the Fracture Mechanics point of view the 
energy release rate, G , will be used. The expression employed, based on the virtual 
closure crack technique [9] for a circular crack that propagates from a certain 
debonding angle, α , Figure 2a, to αα ∆+  ( α∆  being much smaller than the crack 
length), is: 
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where rrσ  and θσ r  represent, respectively, radial and shear stresses along the interface, 
and ru∆  and θu∆  the relative displacements of the crack faces. θ  is the circumferential 
coordinate with reference to axis 2. Both modes of fracture, I (associated to rrσ ) and II 
(associated to θσ r ), are obviously considered in Equation (1). 
When the presence of an incipient crack in the matrix is considered, the previous model 
is altered to represent the case of a crack that has first grown along the interface and, 
once kinked into the matrix, is progressing through it, Figure 2b. In this case Equation 
(1) is appropriately adapted to a crack in a homogeneous material. The materials chosen 
for the analysis correspond to a typical configuration among fibre reinforced materials: 
a glass fibre-epoxy matrix system whose thermoelastic properties are listed in Table 1. 
The fibre radius considered has been ma 6105.7 −⋅= . 
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Figure 2: Single fibre model with a) interface crack, b) kinked crack 
 
Dimensionless results for G  will be presented in all cases. These dimensionless values 

are obtained, following [10, 11], by dividing the values of G  by πσ
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where mm νκ 43 −= , mµ  is the shear modulus of the matrix and 0σ  denotes the value 
of the applied compression. 
Finally, the curing process employed in the case of the matrix considered in this work 
(epoxy resin) commonly consists of a first stage at environmental temperature followed 
by one or more stages at higher temperature. Independently of the temperature at which 
the curing process takes place, the contraction of the matrix (always higher than that of 
the fibre) leads the generation of residual stresses. This fact allows the inclusion of 
residual stresses in the analysis to be modelled by means of an adequate temperature 
decrease that captures the real curing contraction of the material. In the present work a 
matrix curing contraction of 0.4% has been considered, corresponding to a temperature 
decrease of 80 K. 
 

Material Poisson coefficient, 
ν  

Young modulus, E  Coefficient of thermal 
expansion, α  

Matrix 
(epoxy) 33.0=mν  Pa1079.2 9×=mE  

16 K1052 −−×=mα  

Fibre (glass) 22.0=fν
 

Pa1008.7 10×=fE
 

16 K107 −−×=mα  
Table 1: Thermoelastic properties of the materials. 
 
Though the experimental evidence, Figure 1, corresponds to a carbon fibre composite 
the comparison with the numerical results is possible due to the weak dependence of 
the phenomenon under study of the properties of the materials [7]. 
 
3. ORIGIN OF DAMAGE 
The beginning of the inter-fibre failure under transverse compression is considered to 
be controlled by the shear stress that acts at the fibre-matrix interface, under the 
hypothesis (not always corresponding exactly to reality) of an initially undamaged 
material. If the external compression is the only load considered it can be checked [6] 
that the zones of maximum shear stress, and therefore susceptible of housing the first 
debonds, are located at º135,º45 ±±=α . Thus, the analysis of the effect of residual 
stresses on the initiation of failure must be carried out under the same premise, studying 



the distribution of stresses around the interface when the fibre-matrix system suffers a 
thermal decrease corresponding to the curing contraction of the matrix. The 
consideration of real curing parameters, Section 2, unavoidably leads to the choice of 
external loads corresponding to real failure parameters. In particular, based on [12], the 
compressive strength of the unidirectional laminate chosen for the bimaterial system 
considered has been Pa10115 6×=cY . 
In this situation, an analysis of the stress state in a single fibre-configuration, assuming 
the interface to be initially in perfect condition and considering a temperature decrease 
of 80 K as a single solicitation, would allow the order of the curing stresses already 
existing to be estimated and their effect on the initiation of damage to be predicted. The 
problem presented in these terms can be solved analytically (plane problem of a fibre 
embedded in an infinite matrix) and the solution obtained shows that residual tractions 
are only produced in the radial direction, rrσ . Thus, the consideration of curing residual 
stresses alters neither the location nor the critical load of the initial damage, since the 
curing process modelled in this study does not generate shear stresses. 
 
4. THE INTERFACE CRACK 
Although the consideration of residual curing stresses seems not to affect the initiation 
of failure it is necessary to analyse the influence of residual stresses over the growth of 
the first debonds. To this end the model appearing in Figure 2a is used in this section to 
carry out, by means of the BEM, an analysis of the interface crack growth under the 
combined action of an external compressive load (of value Pa10115 6

0 ×=σ ) and a 
thermal decrease of 80 K. An initial 10º debond centred at º135=α  (where the 
maximum shear stress is located) is supposed. 
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Figure 3. G  evolution versus α  ( KT 0∆ =  and K-T 80∆ =  cases). 

 
The results obtained, in terms of G  versus the position of the lower crack tip, α , are 
presented in Figure 3 for the case under study ( K-T 80∆ =  in the Figure), which 
considers both residual curing stresses and the external compressive load, and for the 
case of single action of the external compressive load ( KT 0∆ =  in the Figure), used 
as a reference in this analysis and basis for the conclusions presented in [6,7]. It can be 
observed in the Figure how the consideration of residual curing stresses has no effect 
on the starting of the debond growth, since both evolutions coincide until an extension 
of the interface crack of about 20º is achieved. For later stages, yet, the G  level is 
lower in the K80∆ -T =  case than in the K0∆ =T  case. This difference is mainly due 



to the lower level reached by IG  in the K80∆ -T =  case, undoubtedly associated to the 
radial compressions present as a consequence of the curing process. The difference 
between IIG  values of both cases is insignificant. 
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Figure 4. Contact zone evolution ( KT 0∆ =  and K-T 80∆ =  cases). 
 
A similar morphology is found for the K80∆ -T =  interface crack and for the 

K0∆ =T  one, but, looking at Mode I evolution in more detail, Figure 3, it can be 
detected that the disappearance of this mode, associated to the closing of the existing 
‘bubble’ at the lower crack tip and subsequent development of the physically relevant 
contact zone, slightly advances with reference to the original case, K0∆ =T . This fact 
can be deduced from Figure 4, where the contact zone developed at the lower crack tip 
is represented versus its position at the interface. Numerical results show that the 
contact zone appears for a slightly lower crack size in the K80∆ -T =  case than in the 

K0∆ =T  case (approximately 202º versus 205º) and its extension is always greater in 
the K80∆ -T =  case. 
In order to be able to perform predictions about the growth of the interface crack it is 
necessary, [13], to have an estimation of the critical value of G , cG , which depends on 
the evolution of the fracture mixity, given by the local phase angle of the Stress 
Intensity Factor, Kψ , and therefore function of α . The evolution considered in this 
work for cG  is based on the empirical and simplified proposal by Hutchinson and Suo 
[14]: 

( ) ( )( )KcKc GG ψλψ −+= 1tan1 2
1 ,       (2) 

where cG1  is the critical value of cG  for Mode I and λ  is the fracture mode sensitivity 
parameter. Local phase angle Kψ  has been calculated following [15]: 
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where ( ) ( ) ( )42
3 21 2 εεε π OF +−+= , ε  being the oscillatory index which, for the 

bimaterial system employed, takes the value 0740.−=ε . 
This approach was already employed in [6] to predict the growth of the interface crack 
for the KT 0∆ =  case, making use of three different values of λ  (within the range of 



typical values): 20.=λ , 250.=λ  and 30.=λ . In that case, due to the absence of 
direct experimental data, the value of cG1  chosen for each λ  was forced to fulfil the 
expression )(GG Kc ψ=  for º140=α . The results provided by the comparison 
between the values of G  and cG  calculated in this manner, predicted an unstable 
growth of the interface crack up to a lower crack tip position º206≅α . 
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Figure 5. ( )GKψ  versusα  for the cases K80∆ -T =  and K0∆ =T . 
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Figure 6. Comparison between G and cG  of the interface crack ( K80∆ -T =  case). 
 
The same process has been implemented in the present work for the case that includes 
the presence of the residual stresses, K80∆ -T = . First of all, the evolution of ( )GKψ , 
calculated from Equation (3), is presented in Figure 5. The small differences between 
both curves can be appreciated in this Figure as well as the earlier arrival of ( )GKψ  to 
the 90º limit for the K80∆ -T =  case, associated to the appearance of the physically 
relevant contact zone. The results obtained for the comparison between G  and cG  are 
shown in Figure 6. The choice of the appropriate value of cG1  for each λ  considered is 
based on the same criterion previously employed for the KT 0∆ =  case. The results 
shown in Figure 6 predict an unstable growth from the initial debond until a position of 
the lower crack tip α  within the range (194º-200º). The end of the unstable growth for 



the original case was located at º206≅α  [6]. In this range a new phase of the 
mechanism of damage may take place: the kinking of the crack towards the matrix. 
 
5. INTERFACE CRACK KINKING 
The prediction of kinking of the interface crack towards the matrix, once the period of 
unstable growth along the interface has finished, consists of two steps: the search for 
the preferential direction of the incipient crack in the matrix and the evaluation of the 
possibility of this change in the propagation of the crack. 
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Figure 7. Circumferential stress state at the neighbourhood of 200º=α  ( K80∆ -T = ).  
 
Referring to the first aspect, the application of the maximum circumferential stress 
criterion [16], at the neighbourhood of the interface crack tip within the α  range of 
termination of unstable growth, allows the most favourable direction of the incipient 
crack in the matrix to be predicted. The application of this criterion for the KT 0∆ =  
case concluded that [7], if kinking took place it would occur for º206≅α  in a direction 
within the range 50º-58º=θ , with reference to the direction perpendicular to the 
applied load. The same analysis is presented in the present work for the K80∆ -T =  
case, studying the circumferential stress state at the neighbourhood of the interface 
crack tip at the position º200≅α  and for points located on three circumferences (radii 

a.r 0010= , ar 005.0=  and ar 01.0= ) centred at the tip. The numerical results are 
shown in Figure 7 showing that the maximum circumferential stress is produced in a 
direction within the range º59º49 −=θ . This range is very similar to that found for the 

KT 0∆ =  case, is above 45º and includes the experimental macro-failure orientation 
angle, 53º. 
It is in any case interesting to analyse the sensitivity of the plausible directions of 
kinking to the position of the lower crack tip. In this sense Figure 8 includes the results 
of the numerical model associated to the range of preferential kinking directions 
corresponding to different positions of the lower crack tip, together with the predictions 
carried out by means of the analytical solution by Comninou [17]. The results shown in 
the Figure present a low sensitivity to the position of the lower crack tip, specially once 
a physically relevant contact zone is developed. The predicted orientation range by the 
numerical model always maintains its lower boundary above 45º and shows an 
amplitude that narrows as the position of the lower crack tip moves forward, its mean 
value being around 53º. 
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Figure 8 ( )max

θθσθ  predictions versus α . 
 
With reference to the energetic possibilities of kinking occurrence, the values of the 
energy release rate for an interface crack that has kinked into the matrix, mG , from a 
position at the interface corresponding to 200º=α  are calculated making use of the 
model shown in Figure 2b and plotted in Figure 9 for four different orientations of the 
kinked crack º60andº55,º50,º45=θ . In this Figure the value of the energy release 
rate associated to the crack at the interface, intG , for 200º=α , is also included. The 
comparison between mG  and intG  shows that intG  is slightly greater than mG  for all 
orientations in the matrix considered. Taking into account that, although int

IIcG  values 
are usually greater than the m

IcG  ones, which would support the kinking occurrence at 
200º=α , this tendency may not be maintained for all types of interfaces, and, 

therefore in those cases, no determining energetic arguments would exist for decide 
between kinking at 200º=α  or further extension along the interface. 
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Figure 9. mG  and intG  versus α  ( K80∆ -T = , 200º=α ). 
 
At this point, remembering that the appearance of the contact zone at the lower crack 
tip was detected for positions a little bit higher than 200º=α  (in fact 202º=α ), 
Figure 4, and the low sensitivity of the range of preferential orientations in the matrix to 
the lower crack tip position, Figure 8, it seems interesting to analyse the energetic 



possibilities of kinking from an interface crack position where a physically relevant 
contact zone is already present, for instance 204º=α . This analysis is included in 
Figure 10 where m

IG , m
IIG  and mG for 204º=α are represented versus the orientation 

angle, as well as its associated value intG . It can be seen in the Figure that Mode I 
clearly dominates the energy release rate values in the matrix, which are higher than 

intG  for all orientations considered. This result, combined with the assumption of 
similar values for m

IcG  and m
IIcG , would support the kinking of the interface crack 

towards the matrix. It can be also checked, using the adequate zoom, that, though the 
mG  values are similar for all orientations considered, the maximum, strictly speaking, 

is found for 53º=θ . 
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Figure 10. mG  and intG  versus θ  ( K80∆ -T = , 204º=α ). 
 
6. CONCLUSIONS 
The effect of the presence of residual curing stresses on the mechanism of failure under 
compression has been analysed by means of a BEM model and making use of 
Interfacial Fracture Mechanics concepts. 
The presence of residual curing stresses affects neither the appearance nor the initial 
growth of the first damage at the interface. Crack morphology is slightly altered since 
the consideration of curing stresses reduces the size of the ‘bubble’ at the lower crack 
tip and advances its closing. This fact influences the evolution of the energy release rate 
along the interface, mainly reducing the level of mode I component. All this lead to 
predictions of growth at the interface similar to that found without considering the 
presence of residual curing stresses, though an earlier end of the period of unstable 
growth at the interface is found. This result, together with the conclusions obtained 
from the kinking analysis, leads to a small advance of the position of kinking at the 
interface with reference to the results found when the residual curing stresses are not 
considered. In any case, the range of preferential kinking orientations detected is above 
45º and includes the experimental macro-failure angle. Thus, the results shown in this 
work clarify the effect of residual curing stresses in the development of the inter-fibre 
failure at micromechanical level under compression, showing that there are no relevant 
differences with respect to the case in which these stresses are not considered. As a 
final remark, basic information for the development of a physically based failure 
criterion has been provided and, once more, the importance of micromechanics in the 
study of failure in composite materials is emphasized. 
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